Influence of detector motion in entanglement measurements with photons 
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We investigate how the polarization correlations of entangled photons described by wave packets 
are modified when measured by moving detectors. For this purpose, we analyze the Clauser-Hornc- 
Shimony-Holt Bell inequality as a function of the apparatus velocity. Our analysis is motivated by 
future experiments with entangled photons designed to use satellites. This is a first step towards 
the implementation of quantum information protocols in a global scale. 
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Entanglement plays a central role in quantum theory 
being one of its most distinguishing features [D, 0]. It 
allows for the proof that no theory of local hidden vari- 
ables can ever reproduce all of the predictions of quan- 
tum mechanics [3|. As for applications, entanglement 
is crucial to quantum cryptography 0, H, [|| , teleporta- 
tion [3] , dense coding [f| and to the conception of quan- 
tum computers (see, e.g., Refs. 0, and references 
therein). Currently, there is much interest in testing 
quantum mechanics for large space distances and eventu- 
ally in implementing quantum information protocols in 
global scales [U El EE El El- Photons seem to be 
the ideal physical objects for this purpose. Since present 
technology limits the use of fiber optics in this context 
up to about 100 km the most viable alternative to 
go beyond happens to be free-space transmission using 
satellites and ground stations [l7, 18,[T3|. Here, rather 
than discussing the paramount technical challenges re- 
lated to these experiments, we focus on an intrinsic phys- 
ical restriction posed by the motion of the satellites when 
special relativity is taken into consideration. We address 
this issue by investigating the Clauser-Horne-Shimony- 
Holt (CHSH) Bell inequality [ic| for two entangled pho- 
tons when one of the detectors is boosted with some ve- 
locity. Hereafter we assume H = c = 1 unless stated 
otherwise. 

Let us assume a system composed of two photons, A 
and B, as emitted in opposite directions along the z axis 
in a SPS cascade [2l|. The polarization of photons A and 
B is measured along arbitrary directions as defined by the 
unit vectors and hj (i,j = 1,2), respectively, which are 
orthogonal to the z axis. The distance between the two 
detectors is large enough to make both measurements 
causally disconnected. It is well known that the CHSH 
Bell inequality 

\E(& 2 , bi) + E(k 2 ,b 2 ) + EikxM) - E(k u b 2 )\ <2 (1) 
is satisfied for local hidden variable theories. Here 
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1 N 

E(k u b 3 ) = lim - ]T P A (a i )P B (b j ) 



(2) 



is the polarization correlation function obtained after 
an arbitrarily large number N of experiments is per- 
formed, and P A (ki) assume +1 or —1 values depend- 
ing on whether the polarization of photon A is measured 
along an or orthogonally to it, respectively, and analo- 
gously for P B (bj). 

Now, we investigate inequality (|TJ) in the context of 
quantum mechanics when we allow one of the detectors 
to move along the z axis (say, carried by a satellite) . Let 
us write the normalized state of a two-photon system 

as mm 



\i>) = E J d 3 k A d 3 k B ^ SASB (k A ,k B )\k A ,t k A A )\k B ,el 



(3) 



where 



(k' x \k x ) = 6(k' x - k x ), (g£|e£> = 8, X , B >, 



and 



£ J d 3 k A d 3 k B \i; SASB (k A ,k B )\ 2 = 1. 



(4) 



Here, X = A, B distinguishes between both particles, 
k x = (||kx|| ,k x ) are the corresponding four- momenta, 
and s x = ±1 labels two orthogonal hclicity cigenstates 
l^k* ) f° r fi xe d three- momentum k x . We note that |e£* ) 
is associated with the complex three-vector 



R{k x )e 



SX 
Z 5 



(5) 



where e s z x = (1/V2)(l,*sx,0) are orthonormal vectors 
in the xl.y plane and R(k x ) is the matrix which rotates 
z = (0,0, 1) into 

k x = kx/||kx|| = (sin ^ cos ^, sin sin 0, cos 6*) 
with 0, 4> being the usual spherical angles. Next, by using 



f^kx)' we define a new pair of normalized states 22 1 

■*-<±x)K x ) 



|e,(kx)) 



*+(k x )|e+ 



|a; + (k x )|2 + |x_(k x )|2]i/2 



(6) 
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and 



Here 



, , „ _ y+(^x)K x )+y-(k x )\e kx ) 

lGy[kX)) [|y + (k x )|2 + |y_(k x )|2]l/2 ' W 

associated with the unit three- vectors e x (kx) and 
e y (kx) which (i) are the closest ones to x = (1,0,0) 
and y = (0,1,0), respectively, and (ii) are contained in 
the plane orthogonal to kx . Here 

x±(kx) = — ^= (cos # cos ± i sin0), (8) 
v2 

y±(k x ) = —=(cos9sm(f)^F icos0), (9) 

and we note that e x (k.x) and e„(kx) do not have to be 
mutually orthogonal. By using Eqs. ©-0, the horizon- 
tal and vertical polarization states can be defined as 

\H X )= I d s k x f px (k x )\k x ,e x (k x )) (10) 

and 

\Vx)= J d 3 k x f Px (kx)\kx,e y (k x )), (11) 

respectively, where the function / Px (kx) gives the pho- 
ton momentum dispersion. By imposing that the disper- 
sion is restricted to the xl.y plane and described by a 
Gaussian function, we write 

|/ px (k x )\ 2 = Tr^w-Hikx - Px )e-^ /w)2 (w > 0), 

(12) 

where k r x = yj (k x ) 2 + {k x ) 2 and we assume that p A — 
~Pb — (0, 0, \p\) since photons A and B move in opposite 
directions along the z axis. 

Let us now assume that our two-photon entangled sys- 
tem is prepared in the state 

\<4>) = -^(\H A ) ® \H B ) + \V A ) ® \V B )) (13) 

and investigate the polarization correlations when the de- 
tector that measures, say, photon A is carried by a satel- 
lite with three- velocity v = (0, 0, v), while the other one, 
which measures photon B, lies at rest at the ground sta- 
tion. This is important to note that each detector will see 
the statel ^) in their proper frames unitarily transformed 

as m 



|V>) -> W) = u A {A)®i B \i>) 



(14) 



where Ib is the identity operator which acts in the 
Hilbert space associated with particle B and 



U A {K)\k A ,el A A ) = [{K k A f/k A }^ 



E 



D, a fA,k A )|Ak A ,elt, 



(15) 



D s , (A,k A ) = cxp [-is' A e(A,k A )}S s 



(16) 



is the Wiener rotation, where 0(A, k A ) is a phase fac- 
tor 2(L 27 1 . We note that Ak A denotes the spatial part 
of the four- vector Ak A . For our particular choice where 
the satellite moves along the z direction with velocity v, 
the corresponding boost matrix A is 



A; 



( cosh a sinha \ 
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1 

y sinha cosh a j 



with a — — tanh 1 v, in which case Q(Az,k A ) 
using Eqs. (fT3[) . (fM)) and ([15}. we obtain 

1 



W) 



\h b ) + m> ® ivb», 



0. By 



(17) 



where 



\H' A , 



= I d 3 k A 



([A 2 }^k A f/k A f PA ([^}-^ A ) 



x + ([Ai 



- x k A )|k A ,e+ 



■x^[A z ]-ik A )\k A ,e^ 



]x+([A z ]-ik A )\* + |x_([A z ]-ik A )|2]i/2 



\V A ) = J d 3 k A ^([A z ]-^k A )o/k A / PA ([A z ]- l k A ) 
y + ([A z ]-ik A )\k A ,e+ )+y-([A z ]- 1 k A )\k A ,t ]s 



(18) 



|y + ([A 2 ]-ik A )|2 + |y_([A 2 ]-ik A )|2]V2 



(19) 



Next, we restrict the photon polarization measure- 
ments to the x_Ly plane. This is convenient, hence, to 
define the operators 



=±i 



= \x x ){£x\®i£, P, y = \%x){yx\®i£, (20) 
Pyy = \yx)(yx\®l£, Pyl = \yx)(Zx\®l£, (21) 

where l£ is the identity operator acting in the momen- 
tum space of particle X and 

\x x ) =x + (k x )\e+ x ) + x^(k x )\e^ x )+xi(k x )\^ x ) (22) 

and 

\y x ) = y + (*x)K x ) +y-(kx)\e^ x ) +yi(k x )\e l kx ) (23) 

are associated with the unit vectors x = (1,0,0) and 
y = (0,1,0), respectively. We recall that x±(k x ) and 
y±(kx) are given in Eqs. ([5]) and ©, respectively, and 
xi(kx) = x • kx, (kx) = y • kx- In order to span a 
complete basis, we have introduced an unphysical longi- 
tudinal polarization state le^ ) associated with the three- 
vector eL = kx, as in Ref. [2^] . Now, we use Eqs. (f20|) - 
([2~T|) to introduce the operator 

< = (i£ - O cos 2^ + (P* + P*) sin 2v>, (24) 
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FIG. 1: (Color online) F(#) is plotted as a function of # 
assuming a — > oo for different values of the wave packet width 
properly normalized: W — w/\p\. The larger the wave packets 
the smaller the polarization correlations. 



FIG. 2: (Color online) F($) is plotted as a function of $ with 
W — 0.6 for different values of the apparatus velocity. Note 
that F($) drops as a decreases. 



which will be useful further to compute the left-hand side 
of the CHSH Bell inequality (JTJ . The eigenvalues +1 and 
— 1 of the operator correspond to polarization eigen- 
states associated with directions tilted by angles tp and 
ip + n/2 with respect to the x axis, respectively. The cor- 
relation between the polarization measurements for the 
two particles A and B associated with directions defined 
by the angles tp and w, respectively, is given by 



'0* 



m<rt. 



(25) 



where \^>) is the state of the two-photon system. 

For our purposes, this is enough to consider the case 
where k 2 = b>i = x. By assuming that the unit vectors a.i 
and b2 are counter-clockwisely and clockwisely rotated 
by an angle 1? with respect to the x axis, respectively, 
the left-hand side of Eq. ((TJ 

F(d) = \E{k 2 M) +E(sL 2 ,b 2 ) +E(k lt bi) - E(ki,b 2 )\ 

(26) 

is cast in the form 



F0?) = |( 



>ct b 



(27) 

where the two-photon state is given in Eq. (fTT)) . 

Next, we perform a numerical investigation of Eq. (|27[) . 
As a consistency check, we have firstly verified that the 
standard CHSH Bell inequality, where F($)| max = 2.5, 
is recovered for a = and w — 0. We recall that a < 
and a > correspond to the cases where photon A and 
the corresponding detector move towards the same and 
opposite directions, respectively. In Fig. [T] we exhibit 
how F({)) is sensitive to the width of the photon wave 
packet properly normalized: W = w/\p\. The plot as- 
sumes ol — ► oo but the same pattern is verified for any 
other fixed a (including a — 0). We see that the larger 



the wave packet the more l^) gets mixed in polariza- 
tion once momentum degrees of freedom are ignored and, 
thus, the smaller the polarization correlation. In Fig. [2l 
we plot F(-d) for different velocities of the moving detec- 
tor assuming W — 0.6. For large enough |a| (a < 0), we 
have that F($) is arbitrarily small in the whole domain. 
This shows how important the detector motion can be 
to polarization measurements when the velocity is high 
enough 2|| 2{|. In order to understand the pattern ob- 
served in Fig. [21 we note that as a decreases, photon 
A becomes more redshifted according to the moving de- 
tector. As a consequence, W, which quantifies the wave 
dispersion normalized by the photon energy, "looks like" 
larger in the detection frame. Hence, from Fig. [TJ ~F(#) 
should indeed drop as a decreases. In Fig. [31 we plot 
AF(?9) = F(-&) - F (tf), where F {tf) is obtained by im- 
posing that both detectors lie at rest while realistic values 
are used to calculate F(i!)): we take the mean velocity of 
the International Space Station, v « 7.7 x 10 3 m/s, to fix 
a = 2.6 x 10~ 5 and present technology for the production 
of entangled photons to fix W — 10~ 3 [301 ] . 

Theoretical studies on the influence of the detector 
velocity in entanglement measurements is demanded by 
new perspectives of using satellites in quantum informa- 
tion experiments. Some laboratory effort to verify the 
influence of the detector motion in Bell inequalities using 
photons can be found in the literature. In Ref. [3l|], Ste- 
fanov, Zbinden, Ginsin and Suarez used an energy-time 
entangled photon pair state finding no signal for the influ- 
ence of the detector motion in their results. Although we 
cannot make any positive statement about their results 
because we assume a distinct entangled state here, this 
is quite fair to expect from Figs. [2] and [3J that any signal 
of the detector velocity would only be obvious for very 
relativistic systems. Furthermore, Fig. [T] shows that the 
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FIG. 3: (Color online) The graph exhibits Af(tf) = - 
Fb($). Fo(#) is obtained by imposing that both detectors lie 
at rest, while realistic values are used to calculate we 
take the mean velocity of the International Space Station to 
fix o = 2.6 xlO -5 and present technology for the production 
of entangled photons to fix W = 10 -3 . 



influence of the detector motion may be quite damped by 
using sharp enough wave packets (W < 1). In particu- 
lar, for w — the detector velocity has no influence at all 
in Incidentally, this may be an useful information 

for future applications of quantum protocols in a global 
scale. Although for present technology, detector motion 
effects should not play a dominant role as suggested by 
Fig. [31 this will not be probably the case in the future 
when more precision will be attained. This is worthwhile 
to recall that the Global Positioning System would not 
work if the tiny desynchronization between satellite and 
ground antennas were not corrected by General Relativ- 
ity formulas [13] derived 80 years earlier. 
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